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Abstract. In this paper we propose a new theoretical model
to investigate the influence of temporal changes in channel
width on river bar stability. This is achieved by perform-
ing a nonlinear stability analysis, which includes temporal
width variations as a small-amplitude perturbation of the ba-
sic flow. In order to quantify width variability, channel width
is related with the instantaneous discharge using existing
empirical formulae proposed for channels with cohesionless
banks. Therefore, width can vary (increase and/or decrease)
either because it adapts to the temporally varying discharge
or, if discharge is constant, through a relaxation relation de-
scribing widening of an initially overnarrow channel towards
the equilibrium width. Unsteadiness related with changes in
channel width is found to directly affect the instantaneous
bar growth rate, depending on the conditions under which
the widening process occurs. The governing mathematical
system is solved by means of a two-parameters (ε,δ) pertur-
bation expansion, whereε is related to bar amplitude andδ to
the temporal width variability. In general width unsteadiness
is predicted to play a destabilizing role on free bar stability,
namely during the peak stage of a flood event in a laterally
unconfined channel and invariably for overnarrow channels
fed with steady discharge. In this latter case, width unsteadi-
ness tends to shorten the most unstable bar wavelength com-
pared to the case with constant width, in qualitative agree-
ment with existing experimental observations.

1 Introduction

River bars have been extensively studied, analytically, as an
instability phenomenon of an incompressible flow over a flat
mobile bed in a single-thread river channels. Practical rea-
sons of this interest lays in the need to predict bars formation

in channelized rivers and the related scour and deposition
processes that can affect navigation or damage engineering
structures (e.g. bank protection).

Most of these bar theories have been developed under
simplifying assumptions of steady discharge and fully sed-
iment transporting cross section, therefore their application
is strictly suitable mostly for single-thread channels and al-
ternate bar patterns. Despite many simplifying assumptions,
bar theories have been effective in supporting quantitative
understanding of bar processes (e.g. conditions of occur-
rence; lenght scales) and have received quantitative support
from laboratory experiments. Despite their simplifying as-
sumptions, their application has been extended to be used as
physically-based predictors of alluvial channel pattern (e.g.
Parker, 1976; Crosato and Mosselman, 2009) with some de-
gree of success.

Moreover evidence has been reported that rather sim-
ple and regular bar dynamics can take place also in com-
plex channel morphologies, as wandering (Church and Rice,
2009) or braiding (Zolezzi et al., 2012). In this latter study the
formation and downstream migration of alternate and central
bar patterns has been observed in a main individual branch of
a braided river during a bar-forming flood event below bank-
full stage. In such case, the channel transporting sediments
expands its width during the rising stage of the flood, and is
afterwards contracted during the falling limb. Application of
the classical bar theory using constant discharge and channel
width values, averaged over the flood duration, yields sev-
eral discrepancies in bar wavelength and dominant transverse
modes.

In principle, however, bar theory can be applied to lat-
erally unconfined channels, provided temporal variations of
discharge and actively transporting channel width are prop-
erly accounted for.
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The aim of the present work is therefore to investigate,
on a modelling basis, the stability of river bars in channels
where the active width changes with time, thus possibly af-
fecting bar morphodynamics. Because the channel width-to-
depth ratio plays a key role on bar development, its tempo-
ral variations associated with the widening process can be
expected to affect the dynamics of contemporarily develop-
ing bars. Existing theoretical analyses (e.g.Repetto et al.,
2002) have investigated the influence of spatial planform
variability on bars formation showing how spatial changes
in channel width, influencing river bars, may produce plan-
form instability and a related tendency to braid. The role of
width unsteadiness may become relevant especially in lat-
erally unconfined channels with non-cohesive banks, as it
has been observed in laboratory experiments on the initia-
tion of braided and of “pseudo-meandering” streams (Ash-
more, 1982, 1991; Bertoldi and Tubino, 2005; Visconti et al.,
2010). Evidence of this dynamics has been provided, also,
by field observation on an artificially re-shaped natural river
consequentially to a series of flood events (Lewin, 1976); this
highlights the mutual influence between planform and bar in-
stability in streams where the evolution of bed and banks oc-
cur at comparable time scales. Despite the fact that unsteadi-
ness is ubiquitous in natural river systems, only very few the-
oretical analyses have addressed the role of flow unsteadiness
on bars formation (Tubino, 1991; Hall, 2004) while an analy-
sis of the role of width unsteadiness is even lacking. Overall,
the present work is therefore expected to contribute a novel
theoretical understanding about the applicability of analyti-
cal bar theories to real river systems.

2 Methods

2.1 Conceptual approach

In order to understand the impact of width unsteadiness on
bar stability in a straight channel, we first need to charac-
terize the processes that lead to temporal changes in the ac-
tive channel width. Their mathematical description will then
be included in existing approaches for classical bar stabil-
ity analyses, allowing to build the desired model. Four main
hydromorphological configurations, based on different com-
binations of channel width and discharge variability, are ex-
amined (Fig.1): (a) ideal channels with both constant width
and discharge, like in most common laboratory flume exper-
iments on river bars; (b) channelized rivers with constant
width subject to streamflow variability and often develop-
ing alternate bars; (c) constant discharge flowing in an ini-
tially overnarrow channel with non cohesive banks, as typi-
cal of the initial experimental condition of physical models
of braided rivers; and (d) laterally unconfined channels sub-
ject to floods, as it can be the case of the main active branches
of braided rivers. Configuration (a) is representative of most
of the conditions to which classical bar theories strictly ap-

ply. Bar dynamics in configuration b) has been investigated
only by the theories ofTubino(1991), Hall (2004) and by the
field investigations byWelford (1994). The present contribu-
tion specifically aims to investigate free bar stability referring
to configurations (c) and (d).

2.2 Quantification of width unsteadiness

In order to keep the mathematical problem suitable for an-
alytical solutions, simple relationships to express channel
width variability are needed. A first, simple attempt has been
made by using classical regime formulaes to relate bankfull
discharge with channel width in single-thread channels. Such
relationships are strictly valid under long-term, equilibrium
conditions: therefore the present approach is based on the as-
sumption of an “instantaneous” validity of regime equations.
Note that this assumption should be less crude than it may ap-
pear, because we are interested here more in a simple mathe-
matical law describing the trends and order of magnitude of
width unsteadiness rather than in a predictive formnula quan-
titatively valid for a specific case. To this aim we use the em-
pirical formula proposed byAshmore(1982) to predict the
width at river equilibrium stage for anabranch channels in
braided rivers:

W ∗
= αWQ∗nW αW = 8.1019, nB = 0.4738 (1)

In Eq. (1) W ∗ represent the dimensional channel width and
Q∗ the related flow discharge in equilibrium conditions.
Hereinafter we indicate with a star (∗) dimensional quanti-
ties. According to our purposes relation (Eq.1) can be read as
the equilibrium width to which a laterally unconfined channel
tends asimptotically for a given discharge. A suitable dimen-
sionless expression for Eq. (1) has been derived to fit a di-
mensionless mathematical approach. Such expression is ob-
tained by following the procedure proposed byParker et al.
(2007). In the following relation the dimensionless channel
half-width B is also introduced for formal consistency with
existing bar theories:

W = 2B = 2αnQ
nW (2)

αn = 0.5αWF
nW
0 β̄nW−1d̄

−5/2nW+1
s (3)

where the dimensionless parameters are defined as follows:

F0 =
U∗

0√
gD∗

0

β̄ =
B∗

0

D∗

0
d̄s =

d∗
s

D∗

0
(4)

with d∗
s the median sediment grain size,B∗

0 the reference
half-channel width value andU∗

0 , D∗

0 the components of the
uniform flow chosen as reference scales.

Two different time variables are considered when examin-
ing both cases. The variableτ will vary on the externally im-
posed time scale of width and discharge unsteadiness, while
the variablet will be used to denote the relevant “intrin-
sic” time variable for the temporal morphodynamics of bars.
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These two variables will be considered as mutually indepen-
dent within the present theoretical analysis, while for appli-
cations of the theory to specific real cases the related time
scales shall be quantified and possible interactions assessed.
In general, the externally imposed time scale is quite “fast”,
i.e. much shorter than that associated with temporal width
adjustments that occur in regulated rivers because of land-
use changes, gravel mining, dam construction (Surian and
Rinaldi, 2003).

2.2.1 Constant discharge

This is the case of an initially overnarrow channel fed by
constant discharge(Fig.1c), for which the minimum width
for bars formation predicted by the bar theories is larger than
the imposed initial width (Bertoldi and Tubino, 2005). To de-
scribe the widening process, we simply assume that the ero-
sion occurs homogeneously at the banks and that the channel
tends, asimptotically, to achieve the equilibrium width at a
widening rate that linearly decreases with the distance from
the equilibrium conditions. This simplified law is based on
the consideration that the erosion process, increases the chan-
nel width and decreases the sediment transport of the flow,
reducing, in turn, its ability of entering sediments from the
banks and thus slowing down the widening process. This pro-
cess occurs faster while the initial geometry of the channel is
far from equilibrium and reduces its effect progressively ap-
proaching the final conditions. Therefore, under this assump-
tion, the relaxation relation (Eq.5) is proposed whereby the
value of channel width (2B∗

E) at equilibrium with the speci-
fied discharge is evaluated through Eq. (2):

B∗(τ ∗),τ∗ =

(
U∗

B∗

)
E
(B∗

E − B∗(τ ∗))

B∗(τ ∗
= 0) = B∗

0
B∗(τ ∗

→ ∞) = B∗
E.

(5)

The complete solution for this case reads:

B∗(τ ∗) = B∗
E + (B∗

E − B∗

0)
(
−e−ατ∗

)
, (6)

which, scaled by the unperturbed half channel widthB∗
E, can

be written in its dimensionless form as:

B(τ) =
B∗

E

B∗
E

+
(B∗

E − B∗

0)

B∗
E

(
−e−ατ

)
. (7)

In Eq. (7) τ is a dimensionless time variable defined as

τ = k
U∗

E

(B∗
E − B∗

0)
τ ∗, (8)

where the parameterk accounts for the erodibility of both
banks, assumed to be uniform in space.

2.2.2 Unsteady discharge

This configuration can be representative of a main active
branch of a braided river that laterally expands during a flood
event (Zolezzi et al., 2012). To predict the temporal variabil-
ity of the active (i.e. sediment-transporting) channel width,
we extend the validity of equilibrium regime formulae to in-
stantaneous discharge values during a flood event. Despite
being rather crude, this assumption can be justified by the
need to use a simple, physics-based relationship in a first
theoretical attempt of this type. In addition, better alterna-
tives don’t seem to be available at present, despite recent
approaches to investigate planform evolution of river chan-
nel with self evolving banks (Parker et al., 2011). We there-
fore assume the channel width being instantaneously at equi-
librium with the imposed flow hydrograph and according to
Eq. (2) we write this relationship as:

B(τ) = αnQ(τ)nW τ = σ ∗

T τ ∗ (9)

whereτ denotes dimensionless time,τ ∗ dimensional time
andσ ∗

T reciprocal of the flood event duration. In this config-
uration, Eq. (9) has been assumed to describe both channel
narrowing and widening.

2.3 Mathematical formulation

The analysis refers to a straight channel with erodible bed
and banks made of homogeneous non-cohesive sediment.
The governing equations are the 2-D shallow water equation
and the sediment continuity equation, which can be written
in the following dimensionless form:

∂U

∂t
+ U

∂U

∂s
+ V

∂U

∂n
+

∂H

∂s
+ β̄

τs

D
= 0; (10)

∂V

∂t
+ U

∂V

∂s
+ V

∂V

∂n
+

∂H

∂n
+ β̄

τn

D
= 0; (11)

∂D

∂t
+

∂UD

∂s
+

∂V D

∂n
= 0; (12)

∂

∂t
(F 2

0 H − D) + Q0(
∂Qs

∂s
+

∂Qn

∂n
) = 0. (13)

In Eqs. (10)–(13) classical scalings for theoretical river mor-
phodynamics are employed: the longitudinal and transver-
sal variabless and n are scaled by the half-channel width
B̄∗

0 , chosen as reference, the averaged velocity components
(U,V ), the water depthD, the free surface elevationH and
the shear stress are scaled using the reference state quanti-
ties (Ū∗

0 , D̄∗

0). The reference, basic state is defined through
three dimensionless parameters: the mean width ratioβ̄, the
mean relative roughness̄ds and the mean Shields parameter
θ̄ , which read:

β̄ =
B̄∗

0

D̄∗

0

d̄s =
d∗

s

D̄∗

0

θ̄ =
S

1d̄s
(14)
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Fig. 1.Examples of channels belonging to the four reference configurations considered in the stability analysis. Each class presents different
combinations of discharge and width unsteadiness. More in detail:(a) constant discharge and width (courtesy of Grecia A. Garcia Lugo);
(b) variable discharge and fixed width, a reach of the Alpine Rhine in Switzerland;(c) erodible channel with unsteady width and constant
discharge;(d) natural, laterally unconfined channel with unsteady width and discharge, Tagliamento River (NE Italy).

whereS is the longitudinal slope of the channel,1 = (ρs/ρ−

1) the submerged sediment gravity andd∗
s the sediment di-

ameter.
Boundary conditions in the lateral direction impose van-

ishing water and sediment flux orthogonal to the banks.
When the active channel width changes in time, either be-
cause of bank erosion (constant discharge, Fig.1c) or be-
cause of a combination of lateral inundation with erosional
dynamics (variable discharge, Fig.1d), the banklines are lat-
erally moving at the timescale imposed by the process of
temporal width variation (described through Eq.20). Under
those conditions, the vanishing lateral flux condition is as-
sumed to apply at the instantaneous (moving) bank line posi-
tion. Overall, the adopted approach results in neglecting the
effect of sediment supply to the channel associated with lat-
eral erosion on the process of bar stability. This seems rea-
sonable given this first theoretical attempt although investi-
gation of the actual role played by that effect will deserve
attention in the future.

2.4 Perturbation solution

We solve the governing differential problem through a non-
linear, two-parameters perturbation approach. We then inves-
tigate under which conditions the reference uniform basic
flow is unstable with respect to infinitesimal and sinusoidal
perturbations of the bed elevation and of the other relevant
flow quantities. The following two-parameters perturbation
expansion, say for the water depthD, is adopted:

D = 1+ εA(t)[(Smd10)E1(s, t) + c.c.] + δd01(τ )

+ εδ[A(t)Smd11E1(s, t)d01(τ ) + c.c.] +O(ε2,δ2) (15)

wherec.c. denotes the complex conjugate,ε andδ are small
parameters related to the amplitude of free bars and to the

rate of width unsteadiness respectively. Moreover:

Sm = sin
(π

2
mn

)
Cm = cos

(π

2
mn

)
m = 1,2, ... (16)

E1 = exp(iλs) (17)

whereλ is the dimensionless bar wavenumber.
By substituting the structure of Eq. (15) into Eqs. (10)–

(13), the original differential system is transformed into a se-
ries of linear homogeneous algebraic systems, at each order
of approximation comparing in Eq. (15). The key property of
this two-parameters perturbation expansion is that theO(εδ)

is the lowest at which the spatial pattern of free bars is re-
produced, because the solution at the orderO(δ) is a per-
turbation of the reference basic flow and thus it is spatially
uniform. The details of the solution procedure at the differ-
ent orders of approximations are reported below.

2.4.1 O(ε): classical bar stability under conditions of
constant width and discharge

By substituting Eq. (15) into Eqs. (10)–(13) and collecting all
terms at the leading orderε, the classical linear free bar sta-
bility is recovered. This requires solving the following linear
system:

L10


u10
v10
h10
d10

 =


0
0
0
0

 (18)

where the linear differential operatorL10 is reported, in its
extended form, in AppendixA. Solution of Eq. (18) reveals
that the amplitude of bars behaves exponentially in time:

A(t) = exp(�10t) (19)

with �10 = �10,R+i�10,I , �10,R bars growth rate and�10,I
bars angular frequency. Solution of Eq. (18) for the un-
knownsu10,v10,h10 andd10 with the parameters�, λ, β̄, θ̄
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andd̄s requires a solvability condition, which allows calcula-
tion of the growth rate of bars and their angular frequency, for
a given combination of bar wavenumberλ, the unperturbed
width ratioβ̄, Shields parameter̄θ and relative roughness̄ds.

2.4.2 O(δ): linear correction to the basic flow related to
width unsteadiness

If the length of the channel is much shorter than the typical
length of a flood wave, the temporal variability of channel
width can be modelled as a temporal sequence of instanta-
neously uniform flows. To fit within the perturbation scheme,
the adopted empirical relations for width unsteadiness are
expanded in power of the small parameterδ, which takes
slightly different meanings depending on the considered hy-
dromorphological configuration. In both the examined con-
figurations (c) and (d) in Fig.1 the perturbed channel width
is then written in the form:

B(τ) = 1+ δb01(τ ) δ << 1 (20)

whereb01 is described through different functional expres-
sions in the two cases, as it occurs forδ. More specifically, for
initially overnarrow channels subject to constant discharge
and erodible banks:

b01(τ ) = −e−τ δ =
B∗

E − B∗

0

B∗
E

, (21)

while for the flood event over a laterally unconfined channels
it holds:

b01(τ ) = αnnBq01(τ ) Q0(τ ) = 1+ δq01(τ )

δ =
Q∗

max− Q∗

0

Q∗

0
. (22)

Here the unsteady discharge termq01 is assigned as input
data and it represents the functional shape of the given flow
hydrograph.

According to the adopted perturbation approach, an an-
alytical solution expressing the correction to the reference
uniform flow due to width unsteadiness is obtained for the
two configurations, (c) and (d). Therefore the unsteadiness-
corrected basic flow reads:

U0 = 1+ δu01(τ ) + O(δ2), (23)

D0 = 1+ δd01(τ ) + O(δ2). (24)

By feeding the expansion (Eq.23) into the governing
Eqs. (10–13) we find for the unsteady discharge configura-
tion (d):

d01(τ ) = p(1− α)q01(τ ), (25a)

u01(τ ) = (1− p)(1− α)q01(τ ); (25b)

and, for steady discharge configuration (c):

d01(τ ) = −pb01(τ ), (26a)

u01(τ ) = −(1− p)b01(τ ). (26b)

In the above expressions the parametersp and α take the
value:

p =
2

3− CD
α = αnnB. (27)

2.4.3 O(εδ): effect of width variations on free bar
stability

By considering that the solution at the orderδ is not de-
pendent on the longitudinal variables, the smallest order at
which the spatial dependence of the fundamental is repro-
duced is the orderεδ (Eq. 15). At this order, therefore, the
solution accounts for the effect of the temporal width varia-
tion on free bar instability. Using the mathematical operator
L10 introduced in Eq. (18), at the orderεδ the governing dif-
ferential system reads:

L10


u11
v11
h11
d11

 =


−a1

11u10− a1
14d10

−a1
22v10

−a1
31u10− a1

32v10− a1
34d10

i�11K1 + (−i�10)K2 − Q080K3

 ;

K1 = (F 2
0 h10− d10), K2 = K18T [2u01(τ ) + cDd01(τ )],

K3 = a1
41u10+ a1

42v10+ a1
43h10+ a1

44d10, (28)

whereL10 is the same linear algebraic operator found at the
leadingO(ε) and the coefficientsa1

ij , Ki are related to the
nonlinear, unsteady effect arising from the interaction be-
tween the fundamental perturbation (ε) and the unsteady cor-
rection to the basic flow due to width variability (δ). The ex-
pression ofa1

ij , Ki are reported in AppendixA for the sake
of brevity.

As for the leading order, since the determinant ofL10 van-
ishes, a solvability (eigenrelation) analogous to that occur-
ring at the leading order holds:

f (�11,λ;�10, β̄, θ̄, d̄s) = 0, (29)

which allows to compute the correction�11 = �11,R +

i�11,I to bar growth rate and angular frequency at the order
εδ. As it can be easily seen from Eqs. (28) and (29), the solu-
tion of the system (Eq.28) depends on the solution found at
the previous orderO(ε), so the problem is solved in cascade.
The corrected expression of the complex number� account-
ing for width unsteadiness is therefore:

�(τ) = �10+ δ�11(�10)b01(τ ) (30)

where�10 and�11 account respectively for the growth rate
associated to the fundamental perturbation and for the com-
ponent related to the unsteadiness due to channel width vari-
ability.

3 Results

Results obtained by performing the analysis described above
are here reported for the two analyzed morphological config-
urations: a laterally unconfined channel during a flood event
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Fig. 2. (a) Temporal variability of the dimensionless discharge
Q0(τ ) and associated temporal variability of the dimensionless
channel widthB(τ). (b) Values of the total bar growth rate�(τ)

for the flow event in(a) for laterally confined (dashed line) and un-
confined (solid line) channels.

(unsteady discharge and width) and widening of an initially
overnarrow channel under constant discharge.

3.1 Unsteady discharge and variable width

Figure2 refers to the case of a flood event that occurs in a
laterally unconfined channel. Figure2 shows the dimension-
less hydrograph of the flood eventQ0(τ ) together with the
linearized temporal variation of channel width, expressed by
Eq. (20). The reference flow (basic state) has been assumed
as the uniform flow with constant width occurring for the
valueQ0 = 1.

As already pointed out byTubino (1991) free bars under
unsteady flow conditions are more stable during the rising
and peak stage of the hydrograph, because the aspect ratio
β is decreasing and the critical value for bar formationβc is
increasing. In a channel with constant width the decrease of
β during the rising stage of the flood is related to decrease
in water depth, while the increase ofβc is mainly associated
with the increase in the Shields stress. On the contrary, bars
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Fig. 3. The linear growth rate of alternate bars (real part of�11) is
plotted vs. the Shields stressθ̄ for different values of the roughness
parameterd̄s for the case of variable width with(a) variable,(b)
constant discharge.

are more likely to form during the decreasing phase where
the value ofβ increases against a decreasingβc value.

Figure2 shows that accounting for temporal width vari-
ability results in damping the stabilizing effect associated
with flow unsteadiness in a channel where the width does not
change in time. Namely, when discharge exceeds the refer-
ence flow value (Q0(τ ) > 1) the reduction in the bar growth
rate is less pronounced than in the case with constant width.

As the temporal behavior of the complete solution is fun-
damentally controlled by the structure assigned to the tem-
poral variableq01 or b01, it is informative to focus on the
contribution given by the unsteady term�11,R, which is in-
variably negative, as reported in Fig.3a.

3.2 Constant discharge and variable width

Application of the bar theory with reference flow parame-
ters that instantaneously adapt to the evolving width value
indicate that free bars tend to form during the widening pro-
cess because the value of the aspect ratioβ increases, while
the critical valueβc is decreasing, beingβc a growing func-
tion of the Shields stress, which decreases with widening.
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Moreover, results obtained by applying the present theoret-
ical analysis to an initially overnarrow channel, character-
ized by erodible banks and constant discharge, reveals a net
positive contribution of the width unsteadiness to bar growth
rate,�11,R > 0 (Fig.3b). Channel widening is therefore pre-
dicted to enhance bar instability compared to the configura-
tion with constant width. Moreover, as it can be recognized
from Eq. (21), this effect is stronger when the difference be-
tween the initially imposed channel width and the equilib-
rium width is higher (Fig.4). Width unsteadiness may there-
fore determine a complete reversal of bar stability conditions
compared to the constant width case. This behaviour is re-
lated to the continuity equation for the fluid phase: in chan-
nels with constant discharge, the widening process is associ-
ated with a decrease of the cross-sectional averaged velocity
and depth (Eq.26), while in channels with variable discharge
the temporal width variability is driven by the flood hydro-
graph: therefore widening during the rising stage is related
to a contemporary increase in both cross-sectional averaged
velocity and depth (Eq.25). Such continuity effect mathe-
matically determines opposite signs of the termb01 in the
two configurations, which are then reflected in the opposite
signs of�11,R (Fig. 3a and b).

More general results can be presented by examining the
dependence of the most unstable wavelength at the initial
time on the Shields stressθ and on the relative roughness
ds (Fig. 4b). This was achieved by assigning as reference
state (equilibrium) a wide enough channel to guarantee bar-
forming condition at the initial stage of the erosion process,
where, the width is smaller. Shorter bars are therefore pro-
moted, as the most unstable wavenumber is larger. Theoreti-
cal predictions of instability enhancement of shorter bars are
in qualitative agreement with the experimental observations
of Bertoldi and Tubino(2005).

4 Discussion

A novel stability analysis for free bars in channels with tem-
porally variable channel width has been developed. Simple
relationships describing the variability of the active chan-
nel in time allow us to develop a two-parameters perturba-
tion expansion able to quantify the role of width unsteadi-
ness by the interaction of the fundamental bar perturbation
with the correction of the basic flow associated with the
widening/narrowing processes. Despite the adopted simpli-
fying hypothesis to describe the widening process in rivers
channel, the method developed allows a first quantitative in-
vestigation of bars dynamics in laterally unconfined chan-
nels. Considering that little has been done in literature to in-
vestigate the effect of temporal width adjustments (seeParker
et al., 2011), another novel point of the work consists in the
derivation of a physically-based relationship for width vari-
ability under both steady and unsteady discharge conditons.
The suitability of the adopted approach finds qualitative sup-
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Fig. 4. Comparison between values predicted by applying the
present theory (solid line) and the classical linear bar theory ap-
plied by assuming steady flow at each temporal step (dashed line).
(a) shows difference in maximum bar growth rate and(b) shows
the values of the most unstable bar wavenumber plotted against the
Shields parameter̄θ for different value of the roughness parameter
d̄s at the initial time of the process.

port in the experiments ofBertoldi and Tubino(2005) and
of Visconti et al.(2010), who specifically mentioned that in
the initial stage of a run, bank erosion increases the channel
width keeping the channel straight. The assumption of width
variation to be small (say initial stage of laboratory experi-
ment) seems to be reasonable in the light of this. Moreover,
data provided from laboratory experiments can be used to
validate the relaxation relation here proposed as well as the
related time scale adopted.

Results obtained show, curiously, two formally opposite
behaviours for the unsteady term�11,R when considering
channel width variability. The sign of�11,R is controlled
in a rather complex way by the variables defining the basic
flow: β, θ , ds and the growth rate computed for the funda-
mental perturbation�10,R as reported in Eq. (29). Namely,
in the case of unsteady discharge this term is found to be
negative, while in the other case it gives a positive contribu-
tion to bars growth rate. Moreover, during the rising and peak
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stage of a flood in a laterally unconfined channel, bar stabil-
ity is increased, thus suggesting a non-trivial effect of width
unsteadiness. In association to this destabilizing action, the
most unstable bars present a shorter length compared to that
predicted by the same theory developed for steady channel
width.

Overall, theoretical predictions are in qualitative agree-
ment with both the field observations ofZolezzi et al.(2012)
and the experimental observation of (Bertoldi and Tubino,
2005). Further research is needed to apply the present theory
to real cases, both in the field and in the laboratory, to as-
sess to which extent the present theory can actually provide
a relevant step towards an increased applicability of bar the-
ories to complex channel geometries. Further research shall
also concentrate to derive physically-based relationships for
channel width variability.
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Appendix A

Coefficients of the linear system at the orderO(ε) and
O(εδ)

Collecting the terms at the order (ε) and (εδ) in the system

ai1(t)u1 + ai2(t)v1 + ai3(t)h1 + ai4(t)d1 = 0,

i = 1,2,3,4 (A1)

the coefficientsai,j (t) can be expaned as

aij (t) = a0
ij + a1

ij (t) i,j = 1,2,3,4 (A2)

and for the specific case they read as follow:

a0
11 = iλ + 2β0C0

a1
11(t) = a0

11u01(t) + [2β0C0(CD − 1)]d01(t);

a0
13 = iλ

a1
13(t) = 0;

a0
14 = β0C0(CD − 1)

a1
14(t) = [2β0C0(CD − 1)]u01(t)+

[β0C0(P11+ CD(CD − 1) + 2]d01(t);

a0
22 = iλ + β0C0

a1
22(t) = [iλ + β0C0]u01(t) + β0C0(CD − 1)d01(t);

a0
23 =

π
2

a1
23(t) = 0;

a0
31 = iλ

a1
31(t) = a0

31d01(t);

a0
32 = −

π
2

a1
32(t) = a0

32d01(t);

a0
34 = iλ

a1
34(t) = a0

34u01(t);

a0
41 = 2iλ8T

a1
41(t) = [2iλ(P21F− 8T )] u01(t) + 2iλP21Dd01(t);

a0
42 = −

π
2

a1
42(t) = −a0

42u01(t);

a0
43 =

π2rF 2
0

4β0
√

θ0

a1
43(t) = −a0

43u01(t) +

[
−

CD
2 a0

43

]
d01(t);

a0
44 = −

π2rF 2
0

4β0
√

θ0
+ iλ8T CD

a1
44(t) =

[
a0

43
F 2

0
+ iλCDP21F

]
u01(t)

+

[
CDa0

43
2F 2

0
+ iλ(8T CDP11+ CDP21D)

]
d01(t),

(A3)

having defined

P11 = CD

(
CD

2
− 1

)
, (A4a)

P21F = −2θc8T , (A4b)

P21D = −CDθc8T (A4c)

and

CD =
Cf,D|0

Cf0
, (A5a)

8T =
θ0

80
8,θ |θ0, (A5b)

whereCf denotes the friction coefficient,8 the intensity of
bedload transport and the subscript 0 refers to the reference
state.
The system18 for the orderO(ε) is therefore written in the
form

a0
11 0 a0

13 a0
14

0 a0
22 a0

23 0

a0
31 a0

32 0 a0
34

a0
41Qo8o a0

42Qo80 a0
43Q08oF2

0 (−i�10) a0
44Q08oF2

0 (i�10)




u10
v10
h10
d10

 =


0
0
0
0

 . (A6)

The matrix of the systemA6 has been represented in the text
through the linear differential operatorL10.
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