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Abstract. Gravity anomaly data generated using Wen-
zel’s GPM98A model complete to degree 1800, from which
OSU91A has been subtracted, have been used to estimate co-
variance functions for a set of globally covering equal-area
blocks of size 22.5◦

× 22.5◦ at Equator, having a 2.5◦ over-
lap. For each block an analytic covariance function model
was determined. The models are based on 4 parameters:
the depth to the Bjerhammar sphere (determines correla-
tion), the free-air gravity anomaly variance, a scale factor
of the OSU91A error degree-variances and a maximal sum-
mation index,N , of the error degree-variances. The depth
of Bjerhammar-sphere varies from−134km to nearly zero,
N varies from 360 to 40, the scale factor from 0.03 to 38.0
and the gravity variance from 1081 to 24(10µms−2)2. The
parameters are interpreted in terms of the quality of the data
used to construct OSU91A and GPM98A and general condi-
tions such as the occurrence of mountain chains. The vari-
ation of the parameters show that it is necessary to use re-
gional covariance models in order to obtain a realistic signal
to noise ratio in global applications.

Key words. GOCE mission, Covariance function, Space-
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1 Introduction

When using the so-called space-wise approach for the mod-
elling of GOCE data (ESA,SP-1233, 1999) it has been pro-
posed to construct a global gravity field model based on re-
gionally interpolated data such asTzz on a sphere with a ra-
dius equal to the mean distance of GOCE from the Earths
centre (Sanśo and Tscherning, 2002). Furthermore it is
planned to screen the GOCE data from gross errors by pre-
dicting the observations from close, earlier observed, data
(Arabelos and Tscherning, 1998). Least-Squares Collocation
may be used for both tasks, but it requires that the regional
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covariance functions are estimated and subsequently mod-
elled analytically.

The size of the regions will depend on the number of data
which it is reasonable to handle in on LSC estimation com-
putation. At present 50 000 observations give a turn-around
time of a day using a 2 GHz PC. At the time of the expected
launch of GOCE (2005+), it will certainly not be a problem
to handle 200 000 observations simultaneously. Using 4 in-
dependent observations per “normal”-point spaced 4s apart
(it is the time difference along the orbit), leads to a block
size of approximately 20◦. Considering the spatial correla-
tion both of the errors and the signal, a minimum overlap of
1◦ is needed. We have therefore initially chosen equal area
blocks of size 22.5◦ as our “regions”.

For the estimation of the empirical covariance functions
(by forming sums of products) we generated data using the
GPM98A model (Wenzel , 1998) complete to degreee 1800,
see Sect. 2. The analytic covariance functions were modeled
as described in Sect. 3 using one of the models proposed by
Tscherning and Rapp (1974). These models are simpler than
other models (Jekeli, 1978), but have through many years of
use shown to be surprisingly well suited for analytic covari-
ance modeling.

The most interesting results are the general consistency of
the parameters defining the analytic models. There are how-
ever, some anomalies the occurrence of which we have tried
to explain.

2 The gravity field

For the representation of the gravity field in a global scale,
the geopotential model GPM98A was used, complete to de-
gree and orderN = 1800. Then the contribution of OSU91A
to degreeN = 360 was subtracted. We have used OSU91A
instead EGM96, in order to do our experiment more realis-
tic, since the last model has been treated as a “start model” in
the computation of GPM98A (Wenzel , 1998). In this way,
our residual field has some remaining low-frequency compo-
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nents, like it happens when the contribution of a gepotential
model is subtracted from observed gravity data. It should
be noted that real data instead of band-limited data up to de-
gree 1800 may involve higher frequencies. However, higher
frequencies have a small impact on the estimation of the pa-
rameters of the covariance functions.

For the computation of the regional covariance models the
area of the Earth was divided in 9 zones, having a constant
δϕ = 20◦. Each zone was divided in a number of blocks
of varying δλ, so that a number of 108 20◦ (almost) equal-
area blocks were formed. Each block had an overlap of 2.5◦

with the neighboring blocks (i.e. the actual area covered by
a block at the equator was 22.5◦

× 22.5◦). For all blocks
free-air gravity anomalies were computed on grids having
constantδϕ = 0.1◦ and varyingδλ, depending on the lat-
itude. The size of each block and the equidistance of the
corresponding grid are shown in the headings of (Table 1).

3 Covariance models

For each of the 108 equal-area blocks the empirical covari-
ance function was computed. The fitting of the empirical co-
variance functions to analytical models was performed using
the well known formula
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In Eq. (1)N is the degree of the expansion of the geopoten-
tial model used for the reduction of gravity anomalies,r, r ′

are the distances of the pointsP,Q from the Earth’s center,
σ̂i error anomaly degree variances in units(10µms−2)2 as-
sociated with the OSU91A coefficients,RB the radius of the
so-called Bjerhammar sphere,Pi the Legendre polynomial
of degreei, ψPQ the spherical distance betweenP andQ,
while A is a free parameter in units of(10µms−2)2 (i.e. the
gravity anomaly variance).

Since the error degree variances of a geopotential model
reflect the behavior of this model globally, in regional or lo-
cal computations it is necessary to multiply the error degree
variances by a scale factorf . This scale factor has to be
defined through the fitting procedure. In this way, the free
parameters to be estimated in Eq. (1) areA,RB andf . In-
stead ofRB , the differenceRE − RB is usually computed,
whereRE is the mean radius of the Earth.

For the computations the FORTRAN program “COVFIT”
(Tscherning et al., 1994) was used. The quality of the fit-
ting was expressed in terms of the RMS of the differences
between empirical and model values, divided by the corre-
sponding errors, associated with each of the estimated co-
variance values. These errors are computed taking into ac-
count the variances and the area specifications, according to
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Fig. 1. Worst fit of the empirical (solid line) to the model (dashed
line) covariance function
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Fig. 2. Very good fit of the empirical (solid line) to the model
(dashed line) covariance function.

Knudsen (1987):

errk =
C

√
n0

nk

Nk
, (2)

whereC =

√
C0C

′

0 is the geometric mean of the variances

C0, C
′

0 of the observationsy andy′ respectively,n0 is the
number of cells covering the area,Nk is the actual number of
products andnk is the expected number of products. In our
case isy = y′.
nk depends on the size of the cells, the size of the area ,

the spherical sistance and the size of the interval.

nk ={
(ϕ2 − ϕ1)/1ϕ(λ2 − λ1)/1λ for k = 0
2πn0(ψk + ψk−1)/2(ψk − ψk−1)/(1ϕ1λ) for k > 0

}
. (3)

The estimated parameters for each block vary within
wide limits: The gravity variance varies from 1081 to
24(10µms−2)2, the depth to the Bjerhammar sphere from al-
most zero to−134km, and the scale factor from 0.03 to 38.



D. Arabelos and C. C. Tscherning: Globally covering a-priori regional gravity covariance models 145

0˚

0˚

30˚

30˚

60˚

60˚

90˚

90˚

120˚

120˚

150˚

150˚

180˚

180˚

210˚

210˚

240˚

240˚

270˚

270˚

300˚

300˚

330˚

330˚

360˚

360˚

-90˚ -90˚

-60˚ -60˚

-30˚ -30˚

0˚ 0˚

30˚ 30˚

60˚ 60˚

90˚ 90˚

0 100 200 300 400 500 600 700 800 900 1000 1100

variance
Fig. 3. Variances of the covariance
models of the 20◦ equal area blocks.
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Fig. 4. Depths to the Bjerhammar
sphere of the covariance models of the
20◦ equal area blocks.

Furthermore, the quality of the fitting is very poor in some
blocks, where the RMS takes unexpected large values (up
to 72). To overcome this problem we have added one more
free parameter in the fitting procedure, namely the maximum
summation indexN of the error degree variances. The FOR-
TRAN program “COVFIT” was modified accordingly. The
estimated values onN varies from 360 to 40. Simultane-
ously, a considerable decrease of the RMS and of the depth
to the Bjerhammar sphere was observed, with a correspond-
ing increase of the scale factor. The changes in the variance
could be considered negligible. Considerable improvement
was observed in the cases of a serious decrease ofN . In Ta-
ble 1 one example per zone is shown, presenting the better
result in RMS, achieved whenN was treated as a free pa-
rameter. In parenthesis the RMS with fixedN (equal to 360)

is shown. The corresponding decrease ofN is remarkable.
However, there are 39 cases without change ofN .

Figure 1 shows a very worst fit of the empirical (solid
line) to the model (dashed line) covariance function concern-
ing block 29, withN fixed to 360. The RMS was equal to
19.480. The situation was improved (long dashes), whenN

was treated as an additional free parameter. In this case the
RMS was dropped to 2.717. On the other hand, Fig. 2 shows
an example of a very good fit, concerning block 80. In this
case, the RMS was equal to 1.594 and no changes of the
other parameters were observed whenN was used as a free
parameter.

The interpretation of the results of the computations is a
difficult task, since they are affected by several parameters.
Generally speaking in oceanic blocks, where homogeneous
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Fig. 5. Scale factors of the error degree
variances in the covariance models of
the 20◦ equal area blocks.

and good quality data are used in GPM98A (and OSU91A)
the estimated values ofN (treated as a free parameter) are
equal or very close to the maximum degree of expansion of
OSU91A. The scale factor of the error degree variances is
very small (below 1) and the RMS value varies between 1 and
2. More specifically, the following points could be notices:

– In the case of the best fitting (N treated as free parame-
ter) and in the polar caps, the radius of the Bjerhammar
sphere is generally very close to the mean radius of the
spherical approximation of the Earth.

– In zone 7 (blocks 81 to 94) the estimated values of opti-
mumN are (with the exception of block 92) equal to the
maximum degree of expansion of OSU91A. Simoulta-
neously, the model fits the empirical values very well,
and the scale factor for the error degree variances re-
mains very small (below 1). The reason could be that
zone 7 is mostly an oceanic area and the data used in
GPM98A (and in OSU91A) were coming from altime-
ter data. Block 92 is a continental block with very poor
coverage in gravity values, covering South America (see
e.g. ESA, SP-1233, page 17, Fig. 2.3.)

– The same as previously is valid for the also oceanic zone
8, with the exception of blocks 97, 98 and 103.

– The same is valid for the blocks 21 to 28 of zone 3,
which are either oceanic blocks covering parts of Pacific
or Atlantic, or continental blocks covering the very well
investigated North America.

The values of the variance, of the scale factor and of the
depth to the Bjerhammar sphere were plotted in Figs. 3, 4
and 5, for the results of four free parameters. In Fig. 3 the
larger values of variance are shown in the mountain chains
of Central Asia and Southwest America, while in the oceans
the maximum does not exceed 300(10µms−2)2. One reason

for this behavior could be the fact that for the computation
of GPM98A good and homogeneous mean gravity anoma-
lies (5′

× 5′ means) were used for the oceanic areas, derived
from the recent satellite missions (Andersen and Knudsen,
1998). On the other hand the gravity values used in conti-
nental mountainous areas are highly correlated with the to-
pography.

A similar pattern is shown in Fig. 4. Large values of scale
factors of error degree variances are shown in the same areas.
Moreover large values appeared in polar areas, with a poor
coverage of measurements, even from satellite missions.

Finally, the plot of the depth to Bjerhammar sphere shows
maximum values in only two regions: In the Central south
Asia and in the Central Africa.

4 Conclusion

For the modelling of GOCE data Least-Squares collocation
may be used either to construct a solution based on regionally
interpolated data such asTzz on a sphere with a radius equal
to the mean distance of GOCE from the Earths centre, or to
screen the data for gross errors by predicting the observa-
tions from surrounding earlier observed data. The prediction
by LSC of theTzz “normal”-point data requires that the re-
gional covariance functions are estimated and subsequently
modelled analytically.

To investigate these possibilities a global data set was gen-
erated using the GPM98A model complete to degree 1800,
from which OSU91A has been subtracted. The covari-
ance functions were estimated in equal-area blocks of size
22.5◦

× 22.5◦ at Equator, having a 2.5◦ overlap. For each
block an analytic model was determined based on 4 parame-
ters: the depth to the Bjerhammar sphere (determines corre-
lation), the free-air gravity anomaly variance, a scale factor
of the OSU91A error degree-variance and a maximal sum-
mation index,N , of the error degree-variances.
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Table 1. Fitting of the empirical covariance functions of 20◦ equal-
area blocs

Zone No 1, Blocks 4, 70◦ ≤ ϕ ≤ 90◦, grid 0.1◦
× 0.575877◦

Block N f RB − RE A RMS
1 39 24.895 -0.215 191.81 11.230 (54.578)

Zone No 2, Blocks 10, 50◦ ≤ ϕ ≤ 70◦, grid 0.1◦
× 0.2◦

Block N f RB − RE A RMS
8 47 28.244 -3.556 392.25 5.811 (17.770)

Zone No 3, Blocks 14, 30◦ ≤ ϕ ≤ 50◦, grid 0.1◦
× 0.130541◦

Block N f RB − RE A RMS
16 50 29.389 -3.986 784.70 2.627 (12.990)

Zone No 4, Blocks 17, 10◦ ≤ ϕ ≤ 30◦, grid 0.1◦
× 0.106418◦

Block N f RB − RE A RMS
29 50 9.927 -7.553 105.94 2.717 (19.480)

Zone No 5, Blocks 18,−10◦
≤ ϕ ≤ 10◦, grid 0.1◦

× 0.1◦

Block N f RB − RE A RMS
46 66 6.832 -1.728 240.15 2.527 ( 7.945)

Zone No 6, Blocks 17,−30◦
≤ ϕ ≤ −10◦, grid 0.1◦

× 0.106418◦
Block N f RB − RE A RMS

78 50 17.594 -5.570 278.25 1.172 (14.377)

Zone No 7, Blocks 14,−50◦
≤ ϕ ≤ −30◦, grid 0.1◦

× 0.130541◦

Block N f RB − RE A RMS
92 70 15.214 -4.365 444.85 1.839 (12.191)

Zone No 8, Blocks 10,−70◦
≤ ϕ ≤ −50◦, grid 0.1◦

× 0.2◦

Block N f RB − RE A RMS
98 176 0.980 -2.654 134.37 4.290 ( 4.910)

Zone No 9, Blocks 4,−90◦
≤ ϕ ≤ −70◦, grid 0.1◦

× 0.575877◦

Block N f RB − RE A RMS
105 57 37.807 -3.068 277.49 3.618 (44.514)

Globally all the parameters varies within wide limits, de-
pending on the quality of the data used to construct OSU91A
and GPM98A and the general conditions such as occurrence
of mountain chains. The variation of the parameters show
that it is necessary to use regional covariance models in or-
der to have a realistic signal to noise ratio and that the co-

variance models must be updated when real data becomes
available from GOCE.
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